Abstract: General analyses of B-physics processes beyond the Standard Model require accounting for operator mixing in the renormalization-group evolution from the matching scale down to the typical scale of B-meson mixing and decay. For this purpose the anomalous dimensions of the full set of local dimension-six operators beyond the Standard Model are needed. We present here for the first time a complete set of non-redundant dimension-six operators relevant for B physics, together with the complete one-loop anomalous dimensions in QCD and QED. These results are an important step towards the automation of general New Physics analyses.
Introduction
B physics is the physics related to the decay and mixing of B mesons. These processes require a change of flavour quantum numbers, and must therefore be mediated either by weak interactions or by physics beyond the Standard Model (SM). Weak interactions (including interactions with the Higgs field) are mediated by heavy particles with masses of order of the Electroweak (EW) scale, around µ EW 100 GeV. This scale is very large in comparison to the center-of-mass energy of B-physics processes, around m b 5 GeV, and thus the weak interaction can be regarded as a local interaction, thus "factorizing" from the non-perturbative physics of mesons and of the strong and electromagnetic effects operating at these low energy scales. If the physics beyond the Standard Model (BSM) is also mediated by new particles with masses much larger than the B-physics scale, BSM interactions will be also approximately local. The BSM scale Λ might be smaller than µ EW , but if the new particles can mediate flavour transitions then they must be heavy (not much lighter than µ EW ) and have very small couplings to SM particles, in order to evade current constraints from flavour and colliders. Therefore both in the case of Weak and BSM interactions, non-localities are of order (m b /µ EW ) 2 ∼ 0.3% with respect to the leading local contribution, and completely negligible in comparison with current uncertainties in the computations of the leading matrix elements. As a result, B physics within and beyond the SM is well described by an effective Lagrangian which includes QCD and QED coupled to all six leptons and the five lightest quarks, plus a full set of local dimension-six operators consistent with the field content and gauge symmetry below the EW scale: are the corresponding (bare) couplings or Wilson coefficients. This effective theory is called the "Weak Effective Theory" (WET). For a pedagogical account of the standard formalism we refer to the classical reviews in Refs. [1, 2] .
One of the convenient features of Effective Field Theory is the framework it provides for the resummation of large logarithms. In B physics, the perturbative hard-gluon corrections to physical amplitudes lead to expansions of the type A = n a n (m b , µ EW , Λ, . . . )α s (m b ) n , where a n contain terms proportional to log n (m b /µ EW ). Thus the series expansion contains sub-series of the type n b n [α s (m b ) log (m b /µ EW )] n . Since µ EW m b , the logarithm is large and these sub-series do not have good convergence properties, and they must be resummed. This resummation can be performed with Renormalization Group (RG) methods within the WET, and leads to a reorganization of the perturbative series. This requires to know the renormalization-scale dependence of the renormalized operators in the effective theory, which is given by the anomalous dimensions.
The WET has been studied extensively as an effective theory of the Standard Model below the EW scale. Matching the SM to the WET perturbatively leads to initial conditions for the Wilson coefficients C i (µ 0 ∼ µ EW ) as functions of the SM parameters (see e.g. [3] ). However, in the SM many of the matching conditions are negligible, and it is then conventional to restrict the operator basis to a subset which is closed under renormalization and contains all the operators with non-negligible matching conditions. This basis may be called the "SM operator basis". The anomalous dimensions of the SM operator basis are known to high perturbative orders [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Beyond the SM it will typically be the case that operators outside the SM operator basis are generated with relevant matching coefficients. This happens for example when matching the WET to a general set of dimension-six terms in the SM [14, 15] . Thus, the BSM B-physics toolkit should contain the full set of anomalous dimensions, at least to the leading non-trivial order. Many bits and pieces of the full anomalous dimension matrix (ADM) relevant for BSM physics have been calculated in the past, but no complete account is available to date. It is the purpose of this paper to collect and complete the calculation of the one-loop anomalous dimensions in QCD and QED for the full operator basis in B physics.
We start in Section 2 defining the Weak Effective Theory beyond the Standard Model and constructing a complete and non-redundant operator basis. In Section 3 we outline the QCD and QED renormalization of the effective theory. In Section 4 we discuss the calculation of the full set of one-loop anomalous dimensions and collect the results. In Section 5 we solve the Renormalization Group Equation by constructing the evolution matrix and discuss the one-loop QCD and QED scale dependence of the Wilson coefficients. A brief numerical discussion is presented in Section 6. In Section 7 we conclude with a summary. The appendices contain: A description of the complete set of results in electronic format attached to this paper (App. A), the Fierz identities needed to make the operator basis minimal (App. B), and the procedure to translate our results to other more traditional bases used in the literature, first for magnetic and semileptonic operators (App. C), and then for 4-quark operators, together with a careful comparison of different sets of results with previous calculations (App. D).
Conventions
Throughout the paper we use the following conventions and definitions: we use the convention
, and define the strings of gamma matrices
The Dirac left-and right-handed projectors are defined as P L ≡ (1 − γ 5 )/2 and P R ≡ (1 + γ 5 )/2, with the 4-dimensional γ 5 defined as γ 5 ≡ − 
The totally antisymmetric tensor is defined such that 0123 = − 0123 = +1. Throughout this paper we will use naive dimensional regularization with anticommuting γ 5 . This is convenient since our choice of basis will ensure that no Dirac traces with γ 5 have to be evaluated [8] .
Finally, our convention for QED and QCD covariant derivatives is such that
with Q e = −1. The field-strength tensors are then defined by ie
Complete Operator Basis Beyond the SM
In this paper we consider a complete and non-redundant basis for b-quark flavour changing transitions beyond the Standard Model. However, these operators will not always correspond one-by-one to the operators traditionally chosen in the SM operator basis, for which matching conditions and anomalous dimensions are very well known and standard. In order to be able to use, on the one hand, these well-known SM results directly, and other hand, our results for BSM operators, it is convenient to separate SM and BSM contributions at the level of the Lagrangian:
Here L
EW and L (6) BSM are the effective Lagrangians resulting after integrating out the SM and the BSM heavy degrees of freedom, respectively. The effective Lagrangian originating from BSM physics is
where the sum over i runs over all the operator indices that will appear below. The superindex (0) indicates that the Wilson coefficients and the operators in Eq. (2.2) are bare quantities and must be renormalized. The relationship between bare and renormalized quantities will be discussed in Section 3. The coefficients C i contain all BSM effects but no pure-SM ones. Thus the SM matching conditions determine L
EW , and matching conditions involving BSM particles determine the C i . The operators O i can be grouped into classes according to their flavour quantum numbers. This is useful because the flavour symmetries of QCD and QED imply that the different groups cannot mix into each other. A summary of the full list of non-redundant operators classified according to their flavour structure is given in Table 1 . In the following we list the operators in each class.
Class I : |∆B| = 2 operators
For |∆B| = 2 operators we use the traditional "SUSY basis" [16, 17] (but paying attention to the different normalization in Eq. (2.2)). In the case of |∆S| = 2 this basis is given by Table 1 : Summary list of non-redundant operators. The number of operators in each class is indicated by (n + n ) × n , where n is the number of different operators modulo lepton flavours, n is the number of operators with opposite chirality, and n accounts for the different leptonic flavours. All the operators with flavour structure given in the second column are defined in Section 2, while the ones in the fourth column are obtained by obvious replacements. The last column lists an example of a process to which the corresponding class of operators contributes.
Class II : |∆B| = 1 semileptonic operators
Semileptonic operators with |∆B| = 1 may be either |∆I| = 1/2 or |∆C| = 1. In the former case, our basis is given by by performing the substitution u → c. We allow for lepton-flavour violation and non-universality, with , ∈ {e, µ, τ }, but assume no light right-handed neutrinos.
Class III : |∆B| = |∆C| = 1 four-quark operators A complete basis for |∆B| = |∆C| = |∆S| = 1 operators is given by
plus the analogous set with opposite chirality 
Our conventions for the field-strength tensors have been specified in the previous section.
Four-quark (q = s):
where q = {u, d, c}. In the case of q = b, the color-octet operators O sbbb 2,4,6,8,10 are Fierz-equivalent to the color-singlet ones (see App. B for details) and are not included in the basis. In addition, (for q = {u, d, c, b}) the analogous set with opposite chirality is needed:
The case q = s needs a separate discussion because it is convenient to group primed and unprimed operators in a different manner, which simplifies the mixing pattern:
Again, the color-octet operators are Fierz-redundant and have been omitted (see App. B).
Semileptonic :
In semileptonic operators we also allow for lepton-flavor non-universality, and lepton-flavour violation. The later case ( = ) is referred to as Class Vb, while the case with two neutrinos is referred to as Class Vν.
The corresponding |∆S| = 0 (|∆I| = 1/2) operators are obtained from Eqs. (2.8)-(2.13) with the replacement s ↔ d.
Class VI : Baryon Number Violating operators
Baryon-and lepton-number violating operators relevant for B physics can be divided in several groups: operators with a charged lepton (Classes VIa and VIb), operators with a neutrino (Classes VIc and VId), and operators that violate B − L (Classes VIe, VIf and VIg). We use the notation ψ c ≡ ψ T C, where C denotes the charge-conjugation matrix.
Class VIa :
The following classes correspond to B − L violating operators. These operators do not arise from a matching to an SU (3) c × SU (2) L × U (1) Y gauge-invariant theory, but are included here for completeness.
Class VIe : The operators 
Renormalization of the Effective Theory
The Wilson coefficients and dimension-six operators appearing in Eq. (2.1) are bare quantities and have to be renormalized. The relationships between bare and renormalized quantities are given in terms of matrix-valuedẐ factors:
The renormalization matrixẐ O ≡Ẑ O takes care of field renormalization, and possibly the renormalization of masses and couplings that might appear in the normalization of the operators (specif-
). In our set-upẐ O is always a diagonal matrix. The renormalization matrix Z c ≡Ẑ c takes care of the renormalization of the Wilson coefficients and includes operator mixing. These renormalization factors depend on the renormalization scale and provide the renormalized Wilson coefficients and operators with the corresponding renormalization scale dependence.
In particular, since the bare coefficients do not depend on the scale, one finds that (in matrix notation)
which definesγ, the anomalous dimension matrix.
The renormalization factorsẐ are calculated by subtracting the UV divergences of bare amplitudes perturbatively in a chosen renormalization scheme. In this paper we will regularize UV divergences by means of dimensional regularization in D = 4 − 2 dimensions, and subtract the divergences in the MS scheme. However, the one-loop anomalous dimensions will not depend on the renormalization scheme. Scheme dependence only affects the finite one-loop terms, and all terms starting at two loops, which also depend on the choice of the evanescent operators.
Given the normalization of the operators in Section 2, one loop corrections are always suppressed by one power of α, where α is either α s or α em (the loop expansion coincides with the coupling expansion). A generic renormalized amplitude can then be written as
where the first two terms in each square bracket are the counterterm contributions, the matriceŝ A s ,Â em are the UV divergent pieces of the bare one-loop amplitudes, and O i tree are the tree-level matrix elements of the operators. The scale dependence is contained in the parameter
The requirement that the one-loop divergences in the bare amplitudes are cancelled by the counterterms leads to the equation:
The renormalization factors δẐ O are given by
Representative set of one-loop penguin and vertex diagrams needed for the evaluation of the anomalous dimension matrix at order α s and α em .
with C A = 3, C F = 4/3, T F = 1/2, f = 5, and
The one-loop divergences in the bare amplitudes (the matricesÂ s andÂ em ) are obtained by calculating all one-loop QCD and QED corrections to the relevant amplitudes, expressing them in terms of tree level matrix elements of the operators in the basis, and keeping only the 1/ poles. This requires the evaluation of elementary one-loop penguin and vertex diagrams with one insertion of a dimension-six operator. A representative set of the diagrams that have to be calculated is shown in Fig. 1 .
Complete Anomalous Dimensions Matrix at One Loop
The complete one-loop ADM is obtained from Eq. (3.5) inserting the results for the Z factors and one-loop divergences outlined in Section 3. We have calculated all the entries of the ADM, and compared our results for the entries that were already known, finding perfect agreement there. A summary of pieces that were known and how to compare them to our results (in our new basis) is given in App. D.
The full anomalous dimension matrix for the full set of operators listed in Table 1 has the following block-diagonal form:
The different blocksγ J have dimensions specified in Table 1 , and are given sequentially in the remainder of this section.
We combine all Class I operators into the following vector:
The block γ I in the order specified by − → O I is given bŷ 
3)
The ADM corresponding to the set O dbdb i is identical.
Class II : |∆B| = 1 semileptonic
All Class II operators are combined into the vector:
In this order, the block γ II is given by: The ADM corresponding to the set O cb i is identical.
Class III : |∆B| = |∆C| = 1 four-quark
We group the unprimed Class III operators into the vector 6) where in the second equality we have divided the set into two subsets. With this notation, the block γ III has itself a sub-block-diagonal form:
with the following sub-blocks: Class IV : |∆B| = 1, |∆S| = 2 four-quark
The operators in Class IV are ordered and grouped into the following vector:
with respect to which the block γ IV is given by: 
The anomalous dimensions for the set of primed operators O sbsd i are identical, as well as the ones for the set O dbds i , and its primed counterpart.
The block γ V is the largest one, given by a 57 × 57 matrix (plus an identical copy for the primed operators). This block can itself be divided in sub-blocks, which is instructive since this already unfolds most of the features of the mixing pattern. We order the complete basis of Class V operators into the vector: (4.12) which defines also the different sub-blocks in the matrix. Then, 13) where the empty entries represent zeroes. The different sub-blocks are as follows:
The diagonal entries are given by: The mixing among the four-quark operators is given by the following matrices: The matrices describing the mixing of four-fermion operators into electro-and chromomagnetic operators only contain an α s part, due to the normalization of O s 7γ , O s 8g . They are given by: 24) where the the following mass ratios have been defined:
The mixing among the different leptonic flavours is given by: The mixing of the semileptonic operators into four-quark operators is given by: The mixing of four-quark operators into semileptonic operators is given by: All these matrices replicate exactly for the corresponding sets of primed operators, as well as for the operators mediating b → d transitions. We also reiterate that the ADM for the Class Vν operators O sb L,R vanishes.
Class VI : Baryon Number Violating
We define the following vectors for the Class VI operators:
The blocks γ VIa − γ VIg are then given by: ADMs for other sets corresponding to primed operators (when existing) or other operators with different flavours, as specified in Table 1 and Section 2, are obtained by replication of the appropriate matrices given above.
Renormalization-Group Evolution
Given the anomalous dimension matrix and the renormalization group equation (RGE)
the solution for C i (µ) in terms of the initial (matching) conditions C i (µ 0 ) is expressed in terms of the evolution operator matrixÛ (µ, µ 0 ),
where t = ln(µ 2 0 /µ 2 ) and the t-ordered exponential is defined as the Taylor series with each term t-ordered, with t increasing from right to left. The matrixÛ (µ, µ 0 ) can be decomposed as follows:
whereÛ s (µ, µ 0 ) is responsible of the evolution in pure QCD, while ∆Û e (µ, µ 0 ) describes the additional evolution caused by electromagnetic interactions. The leading order result for the pure QCD evolution matrix reads:Û
where the matrixV diagonalizesγ (1,0)T ,
and γ (1, 0) are the diagonal elements of the diagonal matrixγ αs(µ) so that we can write the QCD one-loop evolution matrix asÛ
with the vector of exponents a = γ (1,0) /(2β s 0 ).
The matrix ∆Û e (µ, µ 0 ), responsible for the extra evolution in the presence of QED interactions, can be calculated order by order in α em ; at first order it is given by [18, 19] :
where µ is such that t = ln(µ 2 0 /µ 2 ). Neglecting the running of α em and employing the leading order expression forÛ s in (5.4), the integration in Eq. (5.7) yields
where the entries of the matrixK(µ, µ 0 ) are given by:
In the rest of this section we provide explicitly the vectors a and the matricesV for each operator Class. For convenience, we also provide the complete evolution matricesÛ (µ, µ 0 ) in a mathematica notebook attached as an ancillary file to the arXiv version of this paper -see App. A. .
(5.10)
The matrixV is given by: 
As in Eqs. (4.6),(4.7) we decompose the matrixV into two sub-blocks: 
The exponents a i are given by:
23 , 3 23 .
( 5.17) The matrixV is given by: The corresponding vector a and matrixV in this class are 57-dimensional, and thus it is not practical to present them explicitly here. In addition, the diagonalization of the ADM blockγ V cannot be carried out analytically, and therefore the expressions are necessarily numerical with finite precision. We include the complete numerical expression for the 57 × 57 evolution matrix U V (µ, µ 0 ) in the ancillary mathematica notebook attached to the arXiv version of this paper.
Class VI : Baryon Number Violating operators
For Class VIa, VIc and VIe, the vectors a and the matricesV are given by: 
For the Classes VIb, VIf and VIg, the anomalous dimensions are diagonal and thereforê 6 Numerical Example: Class-V Spectra
As mentioned in the previous section, the number of operators in Class V is too large to present here explicitly the evolution matrixÛ V (see App. A). Nevertheless, we would like to discuss a simple way to visualize the matrixÛ V by making use of bar plots, as those presented in Fig. 2 .
The solution of the RGE (5.2) can be written in components as
The values of the Wilson coefficients can be displayed in a bar plot providing a sort of spectrum of Class V. We distinguish two types of plots: we can show all C i (µ b ), for a given set of matching conditions C j (µ W ), or for a fixed i we can show all single terms appearing in the j-summation in Eq. (6.1) stemming from each C j (µ W ). These two plots can be employed to convey different types of information:
it shows the value of all Wilson coefficients at the scale µ b , C i (µ b ), for a given set of matching conditions C j (µ W ).
A simple example is given in Fig. 2a . Each operator O i in Class V corresponds to a bin on the x-axis; its Wilson coefficient at the scale µ b is represented by a bar (with positive or negative value). As matching condition we simply set C sbbb 5 (µ W ) = 1 and all others equal to zero. Purple and green bars correspond to the QCD and QED contributions given by the matricesÛ s and ∆Û e , respectively. The two scales are chosen to be µ W = M Z and µ b = m b .
In general, more than one C j (µ W ) is different from zero, so that the sum over j must be taken in Eq. (6.1). For instance, once a specific new physics scenario is considered and the whole set of matching conditions is known, the C i (µ b )-spectrum gives an overall view of the sizes of the Wilson coefficients at the scale µ b .
C j (µ W )-spectrum: it shows, for a fixed i, each partial contribution to C i (µ b ) in the sum (6.1). Fig. 2b shows each partial contribution to C s 7γ (µ b ) for an initial condition C j (µ W ) = 1 (for all j); operator names are on the x-axis. We note that the bars can be viewed also as the value of C i (µ b ) if only the corresponding C j (µ W ) is set to be non-zero at the scale µ W . From this perspective, suppose that |C i (µ b )| < k, then k times the inverse of the bar size can be regarded as the corresponding constraint on C j (µ W ). In our case we could read for example |C sbbb 9 (µ W )| k/5 or |C sbcc 5 (µ W )| k/10 −4 etc. It is understood that this rough estimate holds under the assumption that only one Wilson coefficient is different from zero at the scale µ W .
The same kind of spectra can be drawn for linear combinations of Wilson coefficients; for example Fig. 3 shows the C 9µ -spectrum of the SM-like operator C 9µ defined as
with C j (µ W ) = 1 for all j.
Conclusion
General analyses of B-physics processes beyond the SM require control of the renormalizationgroup evolution below the electroweak scale. This evolution is well known for the dimension-six operators in the WET that have non-negligible matching conditions in the SM. However, in a general New Physics model, many other operators may receive relevant matching conditions. The first step is to write down the most general set of dimension-six operators in the WET. We have built a complete, minimal and suitable basis of operators relevant for B-physics. This basis is presented in Section 2.
We have also calculated and collected the complete set of one-loop anomalous dimensions of these operators. The anomalous dimension matrices for each operator class can be found in Section 4. The evolution equation for the Wilson coefficients necessary to evaluate the coefficients at the B physics scale in terms of the matching conditions at the EW or the New Physics scale, with resummation of QCD and QED leading logarithms is given in Eqs. (5.3),(5.6) and (5.8). The explicit results for the different blocks corresponding to the different classes of operators (see Section 2) are also given in Section 5. The evolution matrices are given for convenience in electronic format as a mathematica package attached to this paper, and discussed in App. A.
The results of this paper will be useful in any attempt to automatize completely general analyses of physics beyond the SM which take into account consistently experimental constraints from B-physics. These results have already been incorporated into the modular program DsixTools [20] . Examples of spectra of Class V. Purple and green bars correspond the QCD and QED renormalization-group evolution given by the matricesÛ s and ∆Û e , respectively. 
Figure 3: Contributions to C 9µ as defined in (6.2) assuming C j (µ W ) = 1 for each operator O j in Class V.
A Complete Numerical Results for the RG Evolution Matrices
From the results presented in Section 5 one can easily construct all the matricesÛ (η s ) needed for the evolution of all Wilson coefficients. In the case ofÛ V (η s ), we have not presented the explicit expressions for the 57-dimensional vector a V and rotation matrix V V , but they can be obtained by diagonalization of the ADM given in Eq. (4.13).
For convenience, we provide as an ancillary file attached to the arXiv version of this paper a mathematica package called EvolutionMatrices.m, which contains all the matricesÛ J (η s ) for J = I, II, . . . , VIg, as a function of the coupling ratio η s ≡ α s (µ 0 )/α s (µ) and the QED finestructure constant α em . After correctly specifying the path and evaluating the package and similarly for the other operator Classes.
B Fierz Identities for Four Quark Operators
In this Appendix we give the (four-dimensional) Fierz identities that allow to remove the redundant color-octet four-quark operators in Classes IV and V. The discussion is framed in the context of Class V operators, but the case of Class IV is completely analogous as for Class V sbss operators.
It is convenient, also for the following comparison with previously published results, to introduce the following Fierz basis of four-quark operators. For q = u, d, c, b we define:
while for q = s:
The analogous set of primed operators with opposite chirality is obtained interchanging P L ↔ P R everywhere. For q = s, b not all operators are independent and Fierz identities in D = 4 allow to remove half of them. In this work, we choose to express the even operators in terms of the odd ones via the identities (with anticommuting fermion fields): Using the identities (1.2-1.4) and the relation among matrices of the fundamental representation of SU (N ),
the F operators can be expressed in terms of the four-quark operators of Class V in Eqs. (2.9) and (2.11) by means of the following linear transformation: 
The same transformation applies to primed operators. Eq. (B.5) allows us to obtain the Fierz identities for the operators O sbbb and O sbss in Eqs. (2.9) and (2.11):
The same 4D identities hold for the primed operators, for Class IV operators (2.7), and for the corresponding operators with s ↔ d. These identities are useful in the calculation of the oneloop anomalous dimensions, and set a reference for the subsequent definition of Fierz evanescent operators necessary for fixing the scheme in higher order calculations [31] .
C Semileptonic Operators : Traditional Basis
In this Appendix we provide the transformation rules to translate the Wilson coefficients of semileptonic operators between our basis and a more "traditional" one, e.g. Refs. [15, 22, 23] .
Class II operators:
We consider the basis in Ref. [15] for |∆B| = |∆C| = 1 operators. In this case the operators are equivalent to ours, with a redefinition of primed and unprimed operators necessary to blockdiagonalize the ADM. The dictionary is given by:
The same relations hold for b → u ν .
Semileptonic Class V operators:
The translation in this case requires a bit of work. We start with the "Fierz" basis for semileptonic operators:
plus the four primed operators F 9 ,10 ,S ,P obtained from the unprimed by interchanging P L ↔ P R . The operators F are given in terms of Class-V semileptonic operators in Eq. (2.12) by
where we have combined the operators in the following way:
The explicit expression of the 10 × 10 matrixR iŝ 
We define the "traditional" basis of operators and Wilson coefficients by the Lagrangian:
where the different operators are related to our operators by:
These definitions are consistent with Refs. [22, 23] , but not with Ref. [15] where the CKM elements are not factored out. Thus it is important to have this in mind when using the matching conditions in Ref. [15] . These definitions are also consistent with the usual values quoted for the SM Wilson coefficients:
It follows that the Wilson coefficients C i in this "traditional" basis are related to the Wilson coefficients of Class-V operators in Eqs. (2.8) and (2.12) by
D Comparison with the Literature
In this Appendix we compare our results from Section 4 with previously published results for the anomalous dimension matrices.
General Remarks
Historically, the ∆F = 1 effective Hamiltonian does not contain all the operators in Eqs. (B.1) and (B.2), but only the subset that corresponds to the low energy effective theory of the weak interactions in the SM. They are usually divided in three classes depending on the leading order mechanism that induces them in the full theory: 1
• Current-current operators arising from a tree-level exchange of a W -boson; we can denote them by (in the notation of Eq. (B.1))
1 We ignore here for simplicity possible global normalization factors, as for example V tb V * ts , since they do not affect the ADM.
• QCD-penguin operators coming from penguin diagrams with a gluon exchange; since the quark-gluon couplings are flavour independent, the summation over all possible quark flavours is taken:
• EW-penguin operators originating in the SM from photon or Z penguins and box diagrams; they correspond to the combinations
The operators F Moreover, penguin diagrams appear with a multiplicity factor f given that more than one quark flavour is allowed in the loop. For a comparison with previous published results, it is necessary therefore to extract these three contributions; in some cases, when this is not possible, a comparison is performed by recombining our results in Section 4 in order to obtain the ADM for the operators (D.2) and (D.3). Usually the ADMs are expressed in the Fierz basis,γ F , and must be converted into our basis by means of the transformation (B.5):
Also for q = s, b the ADM has to be reduced to the minimal basis by applying the Fierz identities in (B.3) and by eliminating from the ADM the rows and/or the columns corresponding to the even (redundant) operators. In the following it is understood that such transformations have to be applied in the comparison whenever necessary.
QCD mixing
Early calculations of genuine vertex corrections to four-quark operators F q 1−4 can be found in [24, 25] . One-and two-loop ADM in QCD for |∆S| = 1 were calculated in refs. [4, 5] ; the contribution of vertex correction diagrams to the mixing of F The contribution to the |∆F | = 1 ADM from one loop penguin where first evaluated in [27] [28] [29] . The penguin contributions to the Class-V ADM due to insertions of four-quark operators can be retrieved, for example, from section 3.2 of [4] . The operators P 4 and P 6 can mix only via closed penguin diagrams, so that the relative contribution to the ADM originating from the insertion of F , from which the contribution to the ADM can be extracted as well. The ADM of the operators F q 5−10 were also calculated in [30, 31] . Vertex corrections to four-quark operators do not depend on the flavour, so they can be employed to calculate directly the ADM of the operators in Classes I, III and IV. They also contribute to the diagonal sub-blocksÂ,B andĈ of Class V where, however, penguin contribution must be included as well: closed penguins forÂ q andB q and open penguins forĈ. The off-diagonal sub-blocks of the Class-V ADM in (4.13) are generated only by penguins: closed penguins for the sub-blocksẐ q andĤ q and open penguins forÎ q andD.
The one-loop QCD mixing of the operators O 7γ and O 8g appearing in the sub-blockÊ in (4.13) was calculated in [32, 33] . Given the normalization of the four-quark operators in Class V, the only operators mixing into O 7γ and O 8g at O(α s ) are O sbcc 7−10 and O sbbb 5,7,9 , corresponding to the sub-blocksK andĴ in (4.13); the mixing was calculated in [30] . We recall that in the SM, where only QCD and EW penguin operators are considered, the mixing between P 3 , . . . , P 6 and O 7γ , O 8g vanishes at one-loop. Therefore the leading O(α s ) contribution to the ADM arises from two-loop diagrams, calculated in [34, 35] ; with our conventions, these mixing contributions enter in the ADM only at order α 2 s .
Finally, the QCD mixing of the semileptonic operators in the Classes II and V (corresponding to the sub-blockF ) are new to our knowledge; the operators O ub 1 and O sb 1,3 do not have an anomalous dimension in QCD due to current conservation. Also the ADM of baryon-number violating operators in Class VI are new; a calculation with a UV cut-off can be found in Ref. [36] .
QED mixing
Electromagnetic corrections to the mixing of four-quark operators in the |∆S| = 1 Hamiltonian were computed in [37] at one-loop and in [5] at two-loops. From Appendix A of [37] it is possible, for example, to extract the contributions to the ADM due to vertex corrections and the penguin diagrams. Vertex corrections are recovered from the ADM sub-block relative to the mixing of EW penguin operators into QCD penguin operators; it easy to see that such mixing is driven only by vertex corrections. The sub-block of the ADM giving the mixing between QCD penguin operators and the EW ones yields the contributions arising from closed penguin diagrams, which are denoted by the number of up-and down-type quarks f u and f d , and open penguins, given by the remaining f u , f d -independent part once the vertex corrections are subtracted. penguins. The off-diagonal sub-blocks in (4.13) are generated by closed penguins for the subblocksẐ q andĤ q and both open and closed penguins forÎ q andD. Also the sub-blockN and P , giving the mixing of four-quark operators into semileptonic ones, can be obtained fromĤ and I by appropriate substitution of the quark charge with the lepton charge. In a similar way the results forĜ,L andÔ can be derived fromĤ by removing a factor of three (the lepton in the loop does not carry color) and substituting the quark charges with the leptonic one. The QED mixing of the magnetic operators O 7γ , O 8g , the sub-blockÊ of (4.13), was calculated in [38] , at one loop, and in [39] at two loops, where the mixing of the semileptonic operators 
